Let K be an imaginary quadratic field other than Q( √ −1) and Q( √ −3). We construct relative power integral bases between certain abelian extensions of K in terms of Weierstrass units.
Introduction
Let L/F be an extension of number fields and let O L and O F be the rings of integers of L and F , respectively. We say that an element α of L forms a relative power integral basis
. For example, if N is a positive integer, then ζ N = e 2πi/N forms a (relative) power integral basis for the extension Q(ζ N )/Q [21, Theorem 2.6]. And, in general not much has been known about relative power integral bases except for extensions of degree less than or equal to 9 ([1]- [12] ).
Let K be an imaginary quadratic field other than Q( √ −1) and Q( √ −3). Let m and n be positive integers such that m has at least two prime factors and each prime factor of mn splits in K/Q. In this paper we shall show that certain Weierstrass unit forms a relative power integral basis for the ray class field modulo (mn) over the compositum of the ray class field modulo (m) and the ring class field of the order of conductor mn of K (Theorem 4.1). To this end, we shall make use of an explicit description of Shimura's reciprocity law due to Stevenhagen [20] .
Weierstrass units
For a positive integer N , let Γ(N ) be the principal congruence subgroup of level N , namely
Then Γ(N ) = Γ(N )/{±I 2 } acts on the complex upper half-plane H by fractional linear transformations. Let F N be the field of meromorphic modular functions for Γ(N ) (or, of level N ) whose Fourier coefficients lie in the N th cyclotomic field Q(ζ N ). As is well-known, F 1 is generated by the elliptic modular function 
which is a meromorphic function on z and periodic with respect to Λ.
It is a weakly holomorphic (that is, holomorphic on H) modular form of level N and weight 2 [16, Chapter 6] . We further define
which are modular forms of level 1 and weight 4, 6 and 12, respectively. Now we define the 
where t γ stands for the transpose of γ.
Proof. See [16, Chapter 6, §2-3].
On the other hand, we define the Siegel function g [
(1 − q n+r e 2πis )(1 − q n−r e −2πis ).
Lemma 2.3. Let M be the primitive denominator of r s (that is, M is the least positive integer so that M r, M s ∈ Z).
] (τ ) are modular units of level M and 12M 2 , respectively.
and satisfies the transformation formula
(iii) Moreover, if M has at least two prime factors, then g [ 
where
Let m (≥ 2) and n be positive integers. We define
Proposition 2.5. h m,n (τ ) is a modular unit of level mn. And, if m has at least two prime factors, then h m,n (τ ) is a modular unit over Z.
Proof. It follows rom Lemma 2.1 that the denominator of h m,n (τ ) is not the zero function. Furthermore, since
by the definition (1), it belongs to F mn by Lemma 2.2.
On the other hand, we see that
This yields by Lemma 2.3(i) that h m,n (τ ) is a modular unit. Moreover, if m has at least two prime factors, then each of
has the primitive denominator that has at least two prime factors. Therefore h m,n (τ ) is a modular unit over Z by Lemma 2.3(iii). 
It then belongs to H and forms a (relative) power integral basis for K/Q. For a nonzero ideal f of O K we denote the ray class field modulo f by
is the order of conductor N (≥ 1) of K, then we denote the ring class field of the order O by H O . As a consequence of the main theorem of complex multiplication we have the following lemma.
Lemma 3.1. Let N be a positive integer. Proof. We first derive that
And, if m has at least two prime factors, then h m,n (τ ) is a modular unit over Z by Proposition 2.5; hence h m,n (τ ) and h m,n (τ ) −1 are both integral over Z[j(τ )]. Therefore we conclude by Lemma 3.2 that h m,n (θ K ) is a unit as an algebraic integer.
Lemma 3.4 (Shimura's reciprocity law). Let N be a positive integer and let O be the order of conductor N of K. Consider the matrix group
(i) We have the isomorphism
(ii) The above induces the isomorphism
(iii) If M is a divisor of N , then we get the isomorphism
Proof. (i) See [20, §3] .
(ii) See [14, Proposition 5.3] .
(iii) This is a direct consequence of (i) and (ii).
Lemma 3.5. Let N (≥ 2) be a positive integer for which (N ) = N O K is not a power of a prime ideal.
(ii) If u is an integer prime to N , then g 0
Proof. (i) See [13, Remark 4.3] and [17] (or, [16, p.293] ).
(ii) We obtain 
Construction of relative power integral bases
We are ready to prove our main theorem concerning relative power integral bases.
Theorem 4.1. Let K be an imaginary quadratic field other than Q( √ −1) and Q( √ −3).
Assume that m (≥ 2) and n are positive integers such that (i) m has at least two prime factors,
(ii) each prime factor of mn splits in K/Q.
As for the converse, let β be an element of O L . Since L = F (α) by Proposition 3.3, we can express β as 
Now, we take the trace Tr = Tr L/F to obtain
Then we achieve a linear system (in unknowns c 0 , c 1 , c 2 , . . . , c ℓ−1 )
Since α, β ∈ O L , all the entries of T and
Let α 1 , α 2 , . . . , α ℓ be the conjugates of α via Gal(L/F ). We then derive that
If σ is a nonidentity element of Gal(L/F ), then by Lemma 3.4(iii) one can set σ = tI 2 for some t ∈ N such that gcd(t, mn) = 1, t ≡ ±1 (mod m) and t ≡ ±1 (mod mn).
Thus we deduce that 
